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I investigated the discrimination of rigid from nonrigid structure and the perception of affine
stretches along the line of sight [Norman & Todd (1993).Perception amf Psychophysics, 53, pp. 279-
291]. Investigations of performance at discriminating rigid from nonrigid structure showed that
performance improved when number of views and amount of simulated three-dimensional
nonrigidity increased. Investigations of rotations about the vertical which include affine stretches
along the line of sight compared Euclidean interpretations of affine-stretching stimuli to human
perception. These Euclidean interpretations were obtained from a simple algorithm which
recovered structure and motion from this limited class of stimuli under the assumption that
distances to the axis of rotation did not change. The algorithm predicted that stretches along the line
of sight would be perceived as nearly rigid and have variable angular velocity. These predictions
were supported by subjects’ reports of occurrences of nonrigidity and minima of angular velocity.
The Euclidean algorithm also provided measures of nonrigidity and motion coherence, and
experimental results were consistent with a prediction of when perception of nonrigidity would be
independent of perception of coherence. The results are discussed relative to the advantages and
shortcomings of both the affme and Euclidean approaches to structure-from-motion. Copyright @
1997 Elsevier Science Ltd.
Motion Depth KDE Structure-from-motion
INTRODUCTION
There is little doubt that image motion can contributeto a
compelling impression of volumetric forms moving
through three-dimensional space. On the one hand, the
perception of these forms and their motion falls largely
within the domain of visual psychophysics,but on the
other hand the specificationof what is ultimatelypossible
to be recovered from image motion can be considered a
problem of mathematics. Thus, it is reasonable to posit
that the limits of human perception will coincide with
mathematicallyplausiblesolutions;and recentyearshave
seen a rich interaction between the development of
theories and psychophysicaltesting of their implications.
A trend in this interactionhas been to emphasizewhether
the perceived structure is in agreement with a mathema-
tically predicted structure. What has received less
attention is the perceived motion, and in this paper I
study both the perceived motion as well as the perceived
structure and relate this to affine and Euclidean theories
of structure-from-motion(SFM).
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In order to understand comparisons between predic-
tions of affine and Euclidean theories it is, of course,
essentialto understandboth. This is made difficultby the
fact that Euclidean geometry is intuitiveat the everyday,
common-sense level while affine geometry is not.
However, when both are described within the same
theoretical framework their relationshipscan be seen. In
the computer vision literature, such a description is
providedby Faugeras (1993, 1995)in his presentationof
projective, affine and Euclidean spaces as the funda-
mentals for understandingthe geometry of three-dimen-
sional computer vision [in this paper I will not consider
the projective case, used primarily to account for
perspective effects, but see Maybank (1993) for a
comprehensivereview]. An affine transformation is one
which takes the point x to x’ by the transformation
x’ = Bx + b, where B is a nonsingularmatrix and b is a
vector. Euclidean transformations form a subset of the
group of affine transformations and are defined as
transformationswhich take x to x’by x’ = Cx + b, where
C is a special orthogonalmatrix satisfiesthe relation that
CCT = f) and b is again a vector.
It can thus be understoodthat a Euclidean transforma-
tion is a special type of affine transformation, differing
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only in the form of the transformation matrix. This
difference of transformation matrices is that C is a
rotation while B need not be. A fundamental difference
between Euclidean and affine transformations is that
Euclidean transformations preserve distances between
points. In other words a Euclidean transformationtakes
an object to itself at a differentorientation [see Lappin &
Love (1992) for related discussionsof Euclidean metric
structure].
It might appear that affine transformations are too
general to capture the useful notionsof motion and depth
relations, but this is not the case. Beusmans (1993) as
well as Lawn and Cipolla (1993) have used affine
techniques to recover direction of heading estimates and
Koenderink and Van Doom (1991) have shown that
shape information such as the projected outline (modulo
an affinetransformin the plane) is obtainablefrom affine
structure. In addition, representation of plane curves in
terms of affine arc length reveals that the 1/3 power law
(relating Euclidean velocity and radius of curvature)
reported in the perception of uniform planar velocity
(Viviani & Stucchi, 1989, 1992) and the generation of
drawing movements(Viviani & Terzuolo, 1982;Lacqua-
niti et al., 1983;Massey et al., 1992)describesmotion at
constant affine velocity (Pollick & Sapiro, 1997). The
success of affine SFM owes itself at least in part to the
fact that arbitrary transformationsare linear in the small
field. Thus, under the assumptionof a small field of view
with a restricted depth range affine solutionsprovide an
effective solution.
An intuitive way to understand the affine structure
from motion solution is from the observationthat, given
orthographic projection, for a small view not all
components of the Euclidean transformation provide
information concerning the depth of the object. For
example, the components of translation and rotation
about the line of sight (the rotation matrix C can be
decomposed into its constituent rotations) do not
contribute to an understanding of depth. The affine
method constructs an object-centeredcoordinate system
which factors out these components of the Euclidean
transformation which are irrelevant to shape and treats
the remainder as a general affine transformation.
In summary,if one is given orthogonalprojectionsthen
it is a matter of utility of whether to model the
transformations between views as Euclidean or affine.
Certain computational efficiency is gained by the affine
techniqueswith small loss in structuralinformation.Such
gains are that the affinemodel is more robust to noise and
is still appropriatefor some nonrigidtransformations,but
one factor which is lost is the sense of rotation—
Euclidean properties such as the axis of rotation and
the angle rotated are eliminated. Another factor lost is
rigidity which keeps distances unchanged by the trans-
formation.
So far, I have spoken of a single transformationand an
arbitrary number of points—takingx to x’—but typical
structure-from-motion theorems involve the number of
points and transformationsnecessary to obtain informa-
tion about the structure and motion of a set of points.
Affine structurefrom motion (Koenderink& Van Doom,
1991; Todd & Bressan, 1990) uses two views of four
points to recover shape up to an arbitrary affine trans-
formation. Euclidean structure from motion is slightly
more complicated. From two views of four points it is
possible to recover shape up to a one parameter family
(Bennett et al., 1989; Huang & Lee, 1989; Kontsevich,
1993) and with a third view it is possible to obtain a
unique solution (Unman, 1979). For the Euclidean two-
view family of interpretationsthe axis of rotation and the
rotation angle are linked, and specifying one determines
the other. This hierarchy of affine and Euclidean
formulations is captured in the stratification of the
structure-from-motionprobiem describedby Koenderink
and Van Doom (1991). Similaritiesdo exist between the
affine and Euclidean techniques. For example, in the
common minimal condition case of two views of four
points,both use one of the four points as the origin of an
object-centeredrepresentation.
The essential difference between affine SFM, and
Euclidean SFM is that for affine SFM all the possible
available information is given in just two views, and
thus there is no need to obtain additional (Euclidean)
structural information by either applying additional
assumptionsto interpret the two views or by integrating
information from additional views. In other words, two
views define a full affine description,while the addition
of a third view definesa full Euclidean description (only
a partial Euclidean description, a one parameter family,
is available from two views). Thus, the primary
differences in these two theories are the information
represented from two views (an affine or Euclidean
transformation) and what information is gained by
additionalviews.
The ways in which perception conforms to models of
SFM have been probed in various ways. One way has
been to explore the perception of rigid structure as the
number of views increases(Braunsteinet al., 1987,1990;
Eby, 1992;Hildrethet al., 1990;Doner et al., 1984;Todd
& Bressan, 1990; Todd & Norman, 1991). Research by
Liter et al. (1994) investigated whether subjects select
perceptual solutions from the family of Euclidean
predictions.More direct investigationsof whether human
perceptionis aftineor Euclideanin naturehave examined
whether subjects perceive transformations which are
invisible to an affine theory, yet visible to a Euclidean
theory (Norman & Todd, 1993) and how well subjects
report Euclidean properties (Eagle & Blake, 1995;Todd
& Bressan, 1990; Lappin & Love, 1992; Pollick et al.,
1994). In what follows I provide a more detailed review
of these results.
The investigationsof perceived structure as number of
views increase are based on the fact that Euclidean
methods require a third view to obtain a unique inter-
pretation. Support for the Euclidean approach would be
given by a SFM task which provided poor performance
given only two views, but improved performance with a
third and perhaps subsequentviews. Using a variety of
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tasks and types of displays the results on the effects of
increased viewing length are mixed; some studies have
found that performance improves with more views
(Braunstein et al., 1987, 1990; Eby, 1992; Hildreth et
al., 1990;Doner et al., 1984;Norman & Todd, 1993)but
there is also evidence that performancedoesnot improve,
or does so very slightly (Todd & Bressan, 1990;Todd &
Norman, 1991). Difficulty in interpreting these mixed
results is further compoundedby the observationthat for
many of the tasks employed, a Euclidean metric analysis
is not necessary (Todd & Bressan, 1990), as well as the
observation that whether or not performance improves
dependscriticallyupon the way performanceis expressed
(Eagle & Blake, 1995).
Experimentsby Liter et al. (1994) investigatedhow a
three-dimensionalEuclidean metric interpretationwould
be assigned to an ambiguoustwo-view display. Subjects
viewed a two-view and a 30-viewdisplayof fivepoints in
apparent motion and their task was to adjust the 30 view
displayamong 89 possiblerigid Euclideaninterpretations
of the two-view display until it matched. Results showed
that subjectschose an interpretationwhich was correlated
to the configuration used to generate the two-view
display. This result is problematic since theoretically
the two views afford no particular interpretation,let alone
the interpretationarbitrarily chosen to create the display.
This result led Liter et al. (1994) to further experiments
exploring possible heuristics of the perception of shape
from motion.They concludedthat their resultswere most
consistent with a heuristic computation of depth from
relative motion. The results of Proffittet al. (1992), and
Caudek and Proffitt (1993) support this role of relative
motion in the perception of depth in kinetic depth and
stereokinetic displays. This heuristic approach has also
been advanced in comparisons of depth from disparity
and SFM (Durgin et al., 1995).
The experimentsof Norman and Todd (1993)explored
the ability of subjects to detect deformationsof structure
resulting from affinestretchesalong and perpendicularto
the line of sight. The results showed that subjects could
detect the perpendicular deformations but not the ones
along the line of sight.From this and a secondexperiment
they concluded that human perception of SFM had
limited capabilities to integrate information across more
than two views, and that perception of structure was
based primarily on first-orderderivatives.Similar claims
on the use of velocities to solve the SFM problem have
been advanced by researchers using limited-lifetime
point displays (Husain et al., 1989; Sperling et al.,
1989). Norman and Todd (1993) suggested that the
failure to obtain precise second-order relations would
result in the inability to recover Euclidean metric
structure. Moreover, since stretches along the line of
sight should be invisible to affine SFM but visible to
Euclidean SFM, they noted that the inability to perceive
these stretcheswas in strongsupportof affineSFM (Todd
& Bressan, 1990;Todd& Norman, 1991)and seemingly
outline a clear failure of Euclidean SFM.
Several studieshave investigatedthe ability to recover
metric properties of SFM displays. Lappin and Love
(1992)showedthat planar motionprovidesa metric scale
which is independentof binocular disparity and slant in
depth (c~ Pizlo & Salach-Golyska, 1994; Lappin &
Ahlstrom, 1994). Pollick et al. (1994) showed with
various SFM displaysthat reportsof the tilt of the axis of
rotation track the simulated tilt and that reports of axis
slant are most accurate when the axis is nearly perpen-
dicular to the viewing direction, with slant becoming
overestimated as the axis approaches the viewing
direction. They also presented results similar to those
of Liter et al. (1994), which demonstratedthat from two
orthographic views subjects’ reports of the axis of
rotation were correlated to the axis used to generate the
display.
In contrast to studies which have indicated an
appreciation of metric structure in SFM, Todd and
Bressan (1990), based on comparisonsof discrimination
thresholds,showedthat subjects’performanceat judging
affineproperties exceeds that obtained in judging metric
properties. However, it has also been shown that some
affine tasks also exhibit high thresholds (Werkhoven &
van Veen, 1995;van Veen et al., 1996).Moreover,Eagle
and Blake (1995) (who also found poor performance on
Euclideantasks relativeto affinetasks)demonstratedthat
if one takes into account the sensitivityto retinal motion
of the affine and Euclidean calculations, then perfor-
mance is about equal on Euclidean and affine tasks.
In the present studiesI examinedtwo issuesrelevant to
affine and Euclidean descriptionsof SFM. These are:
1. The discriminationof rigid from nonrigid structure
as the number of views increases; and
2. Whether the perception of motion in affine stretch-
ing SFM displays is consistent with Euclidean
interpretationsof these displays.
The firstpoint focuses on resultsby Todd and Bressan
(1990) and Todd and Norman (1991) which showed
minimal or no improvementas views increased, and the
theoretical prediction that if SFM is an inherently two-
view, affine operation, performance should not improve
with views.The secondpoint exploreswhetherEuclidean
metric interpretationsto the affine stretching displays of
Norman and Todd (1993) can be obtained by letting the
recovered motionhave variable angularvelocity. Central
to this second issue is the ability, given an input of two-
dimensional images, to predict a possible three-dimen-
sional Euclidean interpretation and to evaluate whether
the perceived motion and structure is similar to the
predicted Euclidean interpretation.
EXPERIMENT1
Experiment 1 explored the ability to discriminate
between rigid and nonrigid motion as simulated three-
dimensionalnonrigidityand number of views increased.
Previousresearch has mixed resultson the effect of views
on the ability to discriminaterigid from nonrigidmotion.
Todd and Bressan (1990) found no improvement in
discriminating orthographic projections of rigid from
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nonrigid motion as the number of views increased from
two to eight. Doner et al. (1984) found improved
performance in discriminating between different levels
of noise in polar projections of rotating spheres.
Braunstein et al. (1987) examined judgments of same/
different for two to six views of orthographicprojections
of a pair of rigid structures and found that performance
improved with views. However, they noted that it might
have been possible that some of this improved perfor-
mance was due to the greater similarity of two-
dimensional interpoint distances in the projection of the
same three-dimensionalobject as compared with differ-
ent three-dimensional objects. Braunstein et al. (1990)
controlled the projected two-dimensionaI nonrigidity
while having subjectsdiscriminatebetween orthographic
projectionsof rigid and nonrigidobjectsand reported that
performance improved with views. However, they noted
that for their displays, the three-dimensionalnonrigidity
of the nonrigiddisplaysincreasedwith views and thus the
improvement was also consistent with an explanation
based on three-dimensionalnonrigidity.
Although previous empirical evidence leaves open the
question of whether performance at rigidity discrimina-
tion improves with views, theoretically it is clear that
such an improvement might be expected from both
Euclidean and affine formulationsof the problem. There
are at least four possible ways to integrate information
with views:
1. Pairwise combination of Euclidean information to
obtain an Euclidean interpretation (Grzywacz &
Hildreth, 1987; Kontsevich, 1993;Unman, 1984);
2. Pairwise refinement of affine information which is
3
4,
subsequently exploited in obtaining a multiview
Euclidean interpretation (Shapiro et al., 1995;
Weinshall, 1993);
Pairwise combination of affine information for the
purpose of better estimating the affine structure
(Todd & Bressan, 1990);
Pairwise combination of the results of a Euclidean
SFM calculation which evaluates whether two
views are consistent with a rigid Euclidean inter-
pretation (Bennett et al., 1989, 1993).
The primary distinction between these four choices
being that the first two rely on a refinementof Euclidean
structure while the third relies on a refinementof affine
structure and the final on probabilisticrefinementof the
output of a rigidity discriminator.
The ability in some tasks to robustly identify affine
properties of SFM displays and the lack of improved
performance with increased views (Todd & Bressan,
1990) provide evidence to support refinement of affine
structureover the probabilisticcombinationof the output
of a rigidity detector, as well as to question the necessity
of an Euclidean representation.However, supportfor this
view of affine SFM rests largely on the failure to find an
improvement in performancewith views. If an improve-
ment with views can be found, then even if one believes
that affinestructureis essentialto the perceptionof SFM,
it is difficult to reject the possibility that improvement
with views results from pairwise combinationsto obtain
properties of Euclidean structure.
One obstaclein testingan effect of numberof views on
the discriminationof rigidity, as discussedby Braunstein
et al. (1990), is that numberof views cannotbe studiedin
isolation,since only two of the three following variables
can be held constant:
1. Presentationrate of the views;
2. Rotation angle between views;
3. Total amount of rotation in the sequence.
It was decided in this experiment to hold the first two
variables constant, while letting total amount of rotation
vary with views [similar approaches have been used by
Todd and Bressan (1990) and Braunstein et al. (1990)].
However, because total rotation covaries with the length
of smooth elliptical trajectories for a constant axis of
rotation, the stimuli were generated by a method of
changingthe axis of rotationbetween each pair of views.
This resulted in rigid trajectories that did not contain
extended elliptical trajectories but instead resembled a
random walk. It is important to note that this manipula-
tion also resultedin the nonrigidtrajectoriesbeing similar
to those of the rigid displays.
An important consideration when using a three-
dimensional rigidity discrimination task is what two-
dimensional information is available in the image to
successfully perform the discrimination. Although the
information for the discriminationhas to be in the two-
dimensionalimage (the basis of SFM is to form a three-
dimensional interpretation from two-dimensional image
data) the possibility exists for display artifacts, which
would allow a successful discrimination strategy that
avoidednormalprocessingof SFM (Sperlinget al., 1990;
Braunstein & Todd, 1990). For example, in rotations
abouta vertical axis, the deviationof a singlepoint from a
parallel, straight-linetrajectory would provide an effec-
tive artifactual two-dimensionalcue. Other possible un-
desirable cues would be correlations between three-
dimensional nonrigidity and simple two-dimensional
properties of the motion. Such correlationswould allow
subjects to base the discrimination on a simple two-
dimensional measure instead of the two-dimensional
relationships which leads to a three-dimensional inter-
pretation. Previously suggested simple two-dimensional
measures include checking whether the three-dimen-
sional nonrigid displays are also more nonrigid in the
two-dimensionalimage (Braunsteinet al., 1990) as well
as whether the three-dimensional nonrigid displays
exhibit more variability in their two-dimensionaltrajec-
tories (Domini et al,, 1996).
An additional consideration for the perception of
structure from motion is whether the set of points being
viewed is part of a coherent surface. It has been
demonstrated that the process of surface reconstruction
(Hildreth et al., 1995) can interact with the mechanisms
of recovery of structure from motion. Furthermore, there
is perceptual evidence which suggests that mechanisms
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of surface interpolation are active in the perception of
structure from dense multi-dot displays (Treue et al.,
1995). Since the purpose of this study was to investigate
mechanisms of SFM and not necessarily those which
might be augmented by surface interpolation it was
decided to use a minimal number of four points.
A secondary purpose of the experiment was to verify
that a Euclidean measure of nonrigidityused to construct
the displays would predict the performance on rigidity
discrimination. This was accomplished by varying not
only the number of views, but also the amount of three-
dimensionalnonrigidityof the simulatedstructureused to
generate the displays. Nonrigidity was measured as the
mean of the variance of the interpoint distances
(Braunsteinet al., 1990)and the followingexample illus-
trates how this measure would be calculated. Given a
three-dimensionalnonrigiddisplaywhich is composedof
four points, there are six interpointdistanceswhich could
vary between consecutiveviews. For a given number of
views, each one of these six interpoint distances varies
about a mean distance with some variance. The average
variance of these six interpoint distances provides a
measure of three-dimensional nonrigidity. Since this
measure of nonrigidity is based on the Euclidean
geometry used to generate the displays, its success in
predicting results would indirectly confirmthat subjects,
perception of SFM was sensitive to the simulated
Euclidean structure.
Methods
Subjects. The subjects were the author, and two
students who had no knowledge of the purpose of the
experiment and were paid for their participation.Acuity
of at least 20/30 (Snellen eye chart) was required for the
eye used throughout the experiment.
Design. Three independent variables were examined:
number of views (2, 4, 6, 12), amount of three-
dimensionalnonrigidity (low, medium, high) and stimu-
lus-onset-asynchrony (SOA) between views (90 and
270 msec). Each subject responded to 60 rigid and 60
nonrigid stimuli at each of the 24 combinationsof views,
three-dimensionalnonrigidity and SOA. The variable of
SOA was introduced due to results of Todd et al. (1988)
which showed that displayswith small numbersof views
appeared more rigid at long SOAs.
Stimuli. A stimulus consisted of 2–12 views of four
light-green points changing position against a dark
background. Each view depicted the orthographic
projection of the points’position in space. The technique
for generating point positionswas similar to that used by
Braunstein et aZ.(1990) but had additionalconstraintsto
equalize the amount of three-dimensional nonrigidity
across views.
Initialpointpositionswere selectedat randomfrom the
volume of a unit sphere. To obtain subsequentpositions,
each point was rotated in three-dimensionsabout an axis
selected from a set of possibleaxes of rotation.The set of
possible axes of rotation was determined as follows: a
total of 272 axes were obtained by connecting a line
segment from the origin to each vertex of a three-
frequency dodecahedron approximation of the sphere
[Pugh (1976); the vertices of the dodecahedron are
approximately evenly spaced on the surface of the
sphere]. Of these 272 potential axes, a set of 34 were
selected which satisfiedthe constraint that on the sphere
they fell in the top half-sliceof the upper quadrantfacing
the subject. (Relative to the viewing direction, these 34
axeshad slants <90 deg and >45deg.)The reason for this
constraintwas to avoid axes which were nearly parallel
to the viewing direction which would likely produce
little perceived depth, as well as to remove axes
perpendicular to the viewing direction which would
result in parallel trajectorieswhere nonrigidity might be
easier to detect.
Rigid transformationsof an object were produced by
rotating each of the four points about a single axis.
Nonrigidtransformationswere producedby rotatingeach
of the points about a different axis. The angle of rotation
in degrees was selected from a uniform distributionover
the integer values 5–9 and was identical for all points in
the transformation.For the multiple-transformationdis-
plays (4, 6 or 12 views) the angle of rotation and axis (or
axes, in the case of nonrigid displays) was changed
between each transformation.
The goal in using random axes of rotation, random
rotation angles and random initial positioning of the
points was to avoid possible regularities between the
motion of rigid and nonrigid displays. For example, in
three-dimensionalspace, pointswere equally likely to be
in front of or behind the axis of rotation. Thus any
individualof the four points could be moving up, down,
to the right, or to the left whether the displaywas rigid or
nonrigid.Moreover,since a rigid displaychanged its axis
of rotation for each transition it was equally likely
between rigid and nonrigid displaysfor individualpoints
to abruptly change direction.
Displayswere used in the experimentonly if they met
three criteria:
1. Nearest neighbor correspondence;
2. Minimumtwo-dimensionalmotion; and
3. Minimum three-dimensionalspacing.
The nearest neighbor criterion reauired the two-
dimensional positi~n of each point ii view n to be
closer to the two-dimensionalposition of itself in view
n + 1 than to the positionof any otherpoint in view n + 1.
The minimumtwo-dimensionalmotioncriterionrequired
that each point move at least 5% of the radius of the
generatingspherefor one of its transitions.The minimum
three-dimensional spacing criterion required that each
point keep a three-dimensionaldistanceof at least 5% of
the radius of the generating sphere between other points.
These three criteria were imposed to help assure:
1. Correct correspondencematching;
2. Clearly visible motion of all points; and
3. Clear separation of all points in three-dimensional
space.
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TABLE 1. d’ Results of Experiment 1
Short SOA Long SOA
Number of views
3-dimensionalNon. Sub. 2 4 6 12 2 4 6 12
Low F 1.32’ 0.83” 1.61* 2.33* 1.62* 2.30” 2.29* 2.93*
M 0.81* 1.26’ 1.08” 2.29* 1.38* 2.00” 1.32* 2.23*
B 0.13 0.60* 1.46* 0.97” 1.29* 1.30” 0.89” 1.24*
Medium F 1.24* 1.20’ 1.89* 2.07’ 2.45* 2.11” 2.12” 2.93*
M 0.64* 1.67* 1.68* 2.62* 1.66* 1.94* 2.15* 2.35*
B 0.42 1.46* 1.35* 1.94” 1.46* 1.64” 1.24* 1.75*
High F 1.89* 1.49* 2.56* 2.30” 2.06” 2.41* 2.67* 4.30*
M 1.02’ 1.82* 2.47* 3.54* 1.50” 1.85* 2.18” 2.30”
B 1.18* 1.29* 2.01” 1.90* 1.63* 1.79* 1.14” 2.23”
*?<0.05,
To check that the nonrigiddisplayswere not also more
nonrigid in the two-dimensionalimage a measureof two-
dimensional nonrigidity was used (Braunstein et al.,
1990).*The measureof two-dimensionalnonrigiditywas
similar to the three-dimensionalmeasure, and used the
mean of the variance of the two-dimensional, ortho-
graphic-projected interpoint distances to quantify non-
rigidity. An ANOVA was conducted on the stimulus
displays,using a measure of two-dimensionalnonrigidity
as the dependent variable. There were four independent
variables: whether the displayswere rigid or nonrigid in
three-dimensional space, number of views, amount of
simulated three-dimensionalnonrigidityand SOA. There
was no significant effect of three-dimensional rigidity,
F(1,59) = 1.1,P = 0.30. There was a significanteffect of
number of views, F(3,177) = 1054.7, P <0.01, with
two-dimensional nonrigidity increasing with number of
views. There was also a significant effect of SOA,
F(1,59) = 5.7, P <0.05, with two-dimensionalnonrigid-
ity slightly higher for the displays with short SOA,
particularly at 12 views. This effect of SOA has no
explanation based on the algorithmused to generate the
displays. The identical program was run to generate the
stimuli for both SOAs, and thus the difference would
appear due to a random factor of stimulusproduction.
The variable of three-dimensional nonrigidity was
created to control the amount of nonrigidity in the
nonrigid displays and also to ensure that the amount of
three-dimensionalnonrigiditydid not covary with views.
This was achieved by creating a set of displays, at each
view level, with the same rectangular distribution of
three-dimensionalnonrigidity. The rectangular distribu-
tion was produced by dividing the interval of three-
dimensional nonrigidity (0.00054.0047, units are in
*Themeasureof two-dimensionalangularvariabilityproposedby
Dominiet al. (1997) was not available at the time of stimulus
generation, but was subsequentlyapplied to the stimuli using the
first and last views as the basis of the angularvariabilitymeasure. It
was found that although the measure predicted improved
discriminability between rigid and nonrigid structures with
increasing three-dimensional nonrigidity, it also predicted that
discriminabilitywould worsen with increasing numbers of views.
squared distancesin a unit sphere) into 180 equally sized
bins and placing a single display in every bin. The
algorithm used to fill individual bins was by trial-and-
error to randomlysamplefrom the populationof nonrigid
displays until a match for the particular bin was found.
The range of 0.0042was divided into three equal sections
of 0.0014 giving 60 displays each of low (0.0005–
0.0019), medium (0.00194.0033) and high (0.0033-
0.0047) amounts of three-dimensionalnonrigidity.
The SOA between views was 90 msec for the short
SOA and 270 msec for the long SOA. There was no
interstimulus interval between views. Displays were
oscillated continuouslyuntil the subject responded.
Apparatus. The stimuli were presented on a Hewlett–
Packard Model 1321B X–Y Display with a P-31
phosphor, under the control of a microVAX computer
with the points being refreshed at a rate of 11 Hz. The
maximum projected diameter of each simulated object
occupied 821 plotting positions on the screen and
subtended a visual angle of 3 deg. Subjects viewed the
displaysthrough a tube that limited the field of view to a
circular area 6 deg in diameter. The eye-to-screen
distancewas ca 1.0 m.
A metal and plastic model consisting of four white
spheres rigidly connectedby thin black rods was used to
instruct the subjects about the definitionof rigidity. The
subjects responded by pressing one of the two switches,
one labeled “rigid” and the other labeled “nonrigid.”The
responseswere recorded by the microVAX.
Procedure. Each subject participated in one practice
session followed by 24 experimental sessions. Each
session began with six practice trials followed by a
random sequenceof 120 trials. The trials consistedof 60
rigid and 60 nonrigid trials at a single combination of
views, three-dimensionalnonrigidityand SOA. To avoid
order effects the presentation order of the three
independent variables (views, three-dimensional nonri-
gidity and SOA) were partially counterbalanced. The
trials were presented in three blocks of 42 trials each.
There was a 2-see delay between each trial and a 1 min
rest period between each block.
Subjects were instructed to press the “rigid” switch if
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FIGURE 1. The results of Experiment 1. Plots of d’ as a functionof the numberof views and the proportionof hits and false
alarms as a function of the number of views. Results are plotted separately for the short (A and C) and long SOA (B and D).
Individual curves are for the different levels of three-dimensionalnonrigidity(low, medium, high).
the display consisted of a group of dots that was moving
rigidly and to press the “nonrigid” switch otherwise. A
group of dots was defined as moving rigidly if “the
distance from any dot to any other dot remains the same,
no matter how the group is moved”.All subjectsreceived
feedback with a single tone indicatinga correct response,
and two tones indicatingan incorrectresponse.The room
was darkened 2 min before the trials began.
Results and discussion
The data were analyzed using a signal detection
paradigm (Green & Swets, 1966) with the nonrigid
displaysserving as the signal trials and the rigid displays
as the noise trials. Ad’ was calculated for each condition
using the percentage of nonrigid responses on nonrigid
(signal) displays as the hit rate and the percentage of
nonrigid responses on the rigid (noise) displays as the
false alarm rate. Each d’ was based on 120 trials, half of
which were signal trials.
The significanceof the d’ scoreswere calculatedusing
Marascuilo’s one-signal significance test (Marascuilo,
1970). (Table 1 lists these d’ values and whether they
were significant). For the long SOA, all 36 d’s were
significantlydifferent from zero (P < 0.05). For the short
SOA 34 of the 36 d’s were significantlydifferent from
zero (P < 0.05).
The effect of number of views and three-dimensional
nonrigidityon d’ is plotted in Fig. 1(Aand B) for the short
and long SOAs, respectively.To evaluate these trends, a
three-way ANOVA was conducted using d’ as the
dependent variable. The independent variables were
SOA, level of three-dimensionalnonrigidityand number
of views. The main effect of views F(3,6) = 13.1,
P <0.01 showed an increase in d’ as the number of
views increased. The main effect of three-dimensional
nonrigidity,F(2,4) = 33.9, P <0.01 showed an increase
in d’ with increasing three-dimensional nonrigidity.
Although there was no significant effect of SOA, nor
significant interaction, given the results of Todd et al.
(1988), it is importantto individuallyexamine results for
long and short SOA.
The results of d’ for short SOA, shown in Fig. l(A),
indicate that performance improved with increasing
views. However, it is clear that, compared to the results
of long SOA, subjectshad difficultydiscriminatingrigid
from nonrigid motion at small numbers of views.
Examination of the hits and false alarms [Fig. l(C)]
indicates that false alarm rate decreased with increasing
simulated three-dimensional nonrigidity and that as
views increased there was an increase in sensitivity due
to a combined increase in hit rate and decrease in false
alarm rate. The lack of sensitivity at short SOA with
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small numbers of views is consistentwith the results of
Todd et al. (1988) who reported, that at short SOA, rigid
objectsappeared less rigid. Thus, althoughfor short SOA
there was improved performance with increase in the
number of views it would seem that this improvement
was probably due to an inability to accurately perceive
the motion with small numbers of views, rather than a
mechanism of information integration with increasing
views.
The performance for long SOA, shown in Fig. l(B),
also indicate that performance improved with increasing
views, with perhaps much of this increase occurring
between 6 and 12 views.
Examination of the hits and false alarms [Fig. l(D)]
indicates that hit rate was independentof views and that
as views increased the increase in sensitivity was due
only to a decrease in false alarm rate. Because the
decrease of the false alarm rate with views correspondsto
an improvementof the ability to correctly identifya rigid
object we can take this as evidence to support the
conclusion that perception of rigid structure improves
with views.
Support for the present interpretationof the long SOA
results—that performance improves with views—re-
quires substantiationof the claims that indeed as views
increased, d’ increased, hit rate remained constant and
false alarms decreased. An effect of views on d’, hit rate
and false alarm rate was investigated by comparing
performanceat two views to performanceat 12views.An
average d’ for each number of views was accomplished
by collapsing across subjects and levels of three-
dimensional nonrigidity (Macmillan & Kaplan, 1985)
and resulted in an average d’ of 1.565 for two views and
2.26 for 12 views. A test of whether the two d’s were
significantlydifferent from one another IIverson (1986);
Appendix A] showed that the difference was significant,
Z = 5.3, P <0.001. A nonparametric analysis of the
changes in hit and false alarm rates indicated that the
increase in hits (0.84-0.87) was not significantwhile the
decrease in false alarms (0.29-0.13) was significant
(P< 0.05, Wilcoxon signed rank test).
Overall, the results showed an effect of simulated
three-dimensional nonrigidity and that, for long SOA,
there was an increase in d’ caused by decreasing false
alarm rate with increasing views. The result that
performance improved with increasing simulated three-
dimensional nonrigidity might seem an obvious result.
However, it should be noted theoretically that for the
nonrigid displays it is unknown how to classify the
possibly infinite number of nonrigid interpretations.
Thus, the particular measure of nonrigidity used, based
on the generating stimulus, was somewhat ad hoc and
provided no guarantee that it would coincide with a
useful index of performance on the perceptual task. A
final observation based on the apparent success of the
three-dimensionalnonrigidity measure is that if SFM is
affine and restricted to a two-view analysis then it
certainly is not clear that a Euclidean, multi-view
measure would be relevant at predicting performance.
What do these results of the effect of simulated three-
dimensional nonrigidity and increased views imply for
comparisons of affine and Euclidean theories? The
improvedperformancewith simulated three-dimensional
nonrigidity can be viewed as a validation of this
particular measure of nonrigidity as well as, at least,
being consistent with the claim that human SFM is
sensitive to Euclidean structure. The improvement with
views indicates that subjects integrated informationover
views. The important question is what information was
integrated and why did previous results such as those of
Todd and Bressan (1990) not find evidence of integra-
tion?
In addressingthe mechanismbehind the improvement
in performance with views an important observation to
make is that at two views performance was fairly high,
and that the improvement with views was gradual.
Moreover, the ability to correctly identify nonrigid
displays (hit rate) was high (86%) and did not change
with views or nonrigidity, while the ability to identify
rigid displays (false alarm rate) improved with views.
Thus, we can see that the hit rate data are entirely
consistentwith the idea that all the recovered structural
information is obtained from two views using affine
SFM. However, the decreasing false alarms makes it
difficult to accept this as a complete explanation.
Although it is reasonable to consider that the decrease
in false alarm rate might occur due only to refinementof
the affine structure or probabilistic integration of
information, this begs the question as to why the change
was isolated to the false alarm rate and no increase was
found in the hit rate. Thus, the current result leaves open
the possibilitythat improvedperformancewas a result of
Euclidean properties becoming available from multiple
pairwise combinations of views and disagrees with the
possibility that affine SFM would be a strictly two-view
process.
While the improved performance with views found in
the currentexperimentis at oddswith the previousresults
of Todd and Bressan (1990), it might be possible to
reconcile this difference. For example, given the.gradual
improvement in performance with views it is possible
that an effect mightnot become apparentat the maximum
of eight views used by Todd and Bressan. Another
possibleexplanationof the different findingsis based on
the task used by Todd and Bressan. Their task was to
select from two simultaneously presented displays the
one which was nonrigid, and thus it was sufficient to
judge which of the two was more nonrigid. If subjects
could somehowbase their decision on the display which
appeared more nonrigid then it is not surprisingthat their
results coincide with the current findings for correctly
identifyinga nonrigid object where performance did not
improve with views.
Although the results of Experiment 1 raised serious
questionswith the strong view that mechanismsof SFM
provide only affine properties of the stimulus, they did
not allow a definitivedistinctionbetween whether human
SFM is based on affine or Euclidean theories. Thus, I
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FIGURE2. An example of the output of the Euclidean algorithmwhen it is input with the motionof four points. Consider the
line of sight to be the z direction and the horizontalto be the x direction.All plots are drawn as a functionof the frame number.
(A) The stretching-displayx values input to the algorithm,(B) the z values that pair with the x values accordingto the intended
interpretation of stretch in z, (C) the z values recoveredby the algorithm,(D) the angularvelocities recoveredby the algorithm
for each individualpoint, (E) the six interpoint distances correspondingto the inputx and outputz of the four points.
investigatedanother result of affine SFM, the perception
of affine stretches along the line of sight, from the
viewpoint of Euclidean structure and in particular the
tradeoff between motion and structure.
AN ALGORITHM FOR RECOVERINGMETRIC
STRUCTUREFROM AFFINE STRETCHING
DISPLAYS
Norman and Todd (1993) have shown, for rotations
about an axis perpendicularto the viewing direction,that
if the points are both rotated and stretched along the line
of sight then the nonrigidityproducedby the stretch is not
perceived. Instead,what is perceived is a rigid rotation at
nonconstantvelocity which they claimed is incompatible
with any possible rigid interpretation.They also showed
that the stretch-deformation would be detected by a
particular metric analysis incorporating second deriva-
tives of image motion (Hoffman & Bennett, 1986).Since
theoretically the stretch should be invisible to an affine
theory and could be recovered by a metric theory they
claimed the results strongly support afine theory.
The claim that stretches along the line of sight support
affineperceptioncan be questionedon the basis that there
do exist compatible Euclidean metric interpretations
which are nearly rigid. This section of the paper presents
an algorithm for generating nearly-rigid interpretations
and further develops ways to assess the structure and
motion of these interpretations. The basis of this
algorithmis that structure and motion are recovered first
by establishing the location of the axis of rotation and
then, independentlyfor each point, obtaining the three-
dimensional position and motion compatible with the
image motion. The algorithm is not intended as a viable
model of how the visual system actually recovers
structure and motion, but a following section shows that
the Euclidean metric predictions of the algorithm are
consistentwith human perception.It shouldbe noted that
more general algorithms exist for the interpretation of
visual motion of affine stretches. In particular, Hoger-
vorst et al. (1996) found optimally rigid solutionsto the
displays of Norman and Todd (1993) and applied a
tolerance analysis to these rigid interpretations. The
primary difference between their approach and the
algorithm presented here is the necessity of rigidity. As
will be discussed later, observers’ reports of affine
stretchesalong the line of sight demonstratea character-
istic nonrigidity which appears to be predicted by the
simple algorithmproposed here.
To implement the algorithm I assume orthographic
projection and that one is given a full sequence of a
360 deg rotation about a static axis which is perpendi-
cular to the line of sight.From this complete rotation one
knows the projected location of the axis of rotation and
the maximum distance each point travels from the axis
(the projected axis lies at the midpoint between the
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maximal distances). Given this informationone assumes
that the maximumextent is the radius and that each point
is independently rotating rigidly in the same direction
about the axis. The next step is to use the distance from
the projected axis and the radius to solve for the angular
position of each point using the arc cosine function. One
defect of this algorithm is that it is guaranteed to be at
least slightly wrong in its estimate of the radius when
given discrete views. This is because the maximum
extent of a discrete set of views is never quite identicalto
the true radius. A result of this is that the recovered
position and angle are sometimes discontinuous as a
point crosses the plane of zero recovered depth (z = O).*
An example of the output of the algorithmwher~it is
input with the type of periodic, affine stretch along the
line of sight used by Norman and Todd (1993) is shown
in Fig. 2 (Appendix B describes how to construct the
stretchingdisplay).Figure 2(A) shows the values input to
the algorithm;values obtainedby stretchingthe structure
along the line of sight [z direction; Fig. 2(B)]. It can be
seen that from the input values of x [Fig. 2(A)], the
recovered z values [Fig. 2(C)] are consistent with the
input x values and that the deformation in structure has
been transformed into a large variation of the angular
velocity [Fig. 2(D)]. For some instances when a point
crosses the z = O plane discontinuities exist in the
recovered z and angular velocity. These discontinuities
are influencedby the amplitudeof the stretch,and for this
example, the amplitudewas equal to the greatest amount
used in the experiments of Norman and Todd to clearly
demonstrate the phenomenon. The rigidity of the
interpretation can be assessed by viewing the interpoint
distances [Fig. 2(E)] where it is seen that the interpreta-
tion is nearly rigid.
It is useful to assign objective measurements to the
output of the algorithm that could be predictive of
performance on a perceptual task. The results of
Experiment 1 suggest that, to measure the nonrigidity
of the structures output by the algorithm, the variability
of interpointdistanceswould be an appropriatemeasure.
It is reasonable to ask whether just a rigidity measure-
ment is enough to characterize the output of the
algorithm. Results by Dosher et al. (1989) suggest that
rigidity alone is not enough to completely characterize
the percept of a SFM display; and using previously
proposedmeasures (Green, 1961;Braunstein, 1962)they
found that ratings of coherence and relative depth could
be independentof ratings of rigidity. On the basis of this
finding, and the close relationship between perceived
motion and coherence, I decided to also include a
measure of coherence. Roughly speaking, coherence
measureswhether all the points are moving together;and
the way chosen to express this was the average
correlation between the group motion and that of
*Ofcourse,toavoidthisproblemaswellasotherslightnonrigidhies,it
wouldhavebeenpossibleto obtainan optimal,perfectlyrigid
interpretationf thestimuli.However,it isquestionablewhether
obtaininga perfectlyrigidinterpretationisdesirable.
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FIGURE3. The algorithmwas input with 50 displaysof four points at
each of three amplitudes of stretch (0.2, 0.4, 0.6) and from its output
the velocity correlation and nonrigidity was calculated for each
display. Shown are (A) the average velocity correlation and (B) the
average nonrigidityfor these 50 displays. Nonrigidity is expressed in
units of squared distance on the unit-cylinder which contained the
points. Error bars indicate standard error.
individual points. This was accomplished by first
calculating the angular velocity as a function of time
for each individual point. Then group motion was
calculated as the average of all the individual points to
obtain a group-motionangular velocity as a function of
time. Next, for each individual point, the individual
angularvelocity was plotted vs the correspondinggroup-
motion angular velocity and a linear correlation coeffi-
cient, r, was calculated.These correlationcoefficientsfor
all. individual points were then averaged to obtain the
measure of coherence. This measure of coherence
resulted in high levels of coherence if all the points
shared the same angularvelocity trace, and ldw values if
none of the points shared the same angularvelocity trace.
It is perhaps worth noting that there is no issue with the
usual ambiguity of sign found with transparent displays
because the algorithmreconstructedpositionand angular
velocityas if all pointswere rotatingin the same direction
for the entire cycle.
At the intuitive level it is useful to question how
measures of coherence and rigidity should relate to one
another. Certainly, if one converted a rigid motion into a
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nonrigid motion then it would be done at the expense of
introducing both incoherence and nonrigidity. In this
sense the two are ‘positivelycorrelated.However, what if
one has nonrigid motion, do all changes to this nonrigid
motionequally affect both structureand motion?One can
envision that if individual points of a nonrigid structure
were disrupted by noise that it would be possible to
independently manipulate rigidity (the variability of
interpoint distances) and coherence (average correlation
between individual and group motion) by manipulation
of the amplitude and correlation of the noise. Thus, for
nonrigidmotion it shouldnot necessarilybe expectedthat
rigidity and coherence are directly correlated.
An example of these measures of rigidity and
coherence are shown for the different amplitudes of
stretch along the line of sight described above (Fig. 3).
The values of amplitude of stretch are identical to those
used by Norman and Todd (1993). It can be seen that as
the amplitude of the stretch becomes greater the
velocities become slightly more correlated [Fig. 3(A)]
while the interpretation becomes less rigid [Fig. 3(B)].
Increasing nonrigiditywith increasingstretch is obvious,
the increase in coherence was probably brought on
because more stretch means more angular velocity
variability, which in turn means more useful data with
which to calculatethe correlation.In any case, decreasing
rigidity accompanied with increasing coherence demon-
strates that these two measures can act independentlyof
one another. It is also interestingto note that even for the
largest amplitude of stretch, the average nonrigidity of
the interpretation (not the stretching structure used to
generate the display) would have been in the low
nonrigidity category in Experiment 1. The following
sectionexploresthe performanceof the algorithmand the
nonrigidity and coherence measures when the algorithm
is input with arbitrary two-dimensionalmotion patterns.
The motion patterns used to explore the performance
of the algorithm and its measures of nonrigidity and
coherence were chosen from the second experiment of
Norman and Todd (1993). These displays were formed
by varying the phase and amplitude of perturbations to
two-dimensionalsinusoidaloscillations.Their purposein
examining these displays was to explore the role of
amplitude and relative phase in the perception of
structure. They showed that random-amplitude and in-
phase displays were seen as most rigid while the other
three typeswere reported to be less rigid. I will next show
that the Euclidean recovery algorithm,with its measure
of coherence, predicts their findings.
The detailsof the two-dimensionalmotion patternsare
summarized in Appendix C, and are also described in the
paper by Norman and Todd (1993). The basic variables
are the ways in which perturbationsare introducedinto a
baseline sinusoidalwaveform. Among the set of points,
the perturbations can be either all in-phase, counter-
phase, or random-amplitude. In addition, the perturba-
tions can be injected into either the position or the
velocity. (Examples of the waveforms can be seen in
Appendix C.) Consistent with Norman & Todd (1993),
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1993).(A) The parameters were adjustedso that each different type of
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amounts of nonrigidity. Here, nonrigidity is measured by the non-
rigidity scale adoptedby Normanand Todd. (B) The average velocity
correlationof the five types of motion. (C) The average nonrigidityof
the five types of motion. Error bars indicate standard error.
the different kinds of displays were constructed so that
the different types of perturbationswould have the same
deviation from the baseline sinusoidal motion and this
deviationwas considered to be a measure of nonrigidity
(this measure of nonrigidity is termed the Norman and
Todd nonrigidity measure in Fig. 4). The results of the
Euclidean algorithm’s measures of nonrigidity and
coherence are shown in Fig. 4. It can be seen that the
458 F. E. POLLICK
coherence measure captures the result reported by
Norman and Todd with the coherence of the random-
amplitude and in-phase displays being substantially
higher than that of the other three. Comparing rigidity
judgments to coherencejudgmentsit can alsobe seen that
there are dissociations,in the sensethat a displaytype can
be relatively rigid but not coherent. For example, in-
phase and counter-phase have approximately the same
nonrigidity, yet substantially different measures of
coherence.
I conclude this section with the claim that there exists
an algorithm to produce plausible interpretations to
stretches along the line of sight which are nearly rigid
and vary in their angular velocity. In addition, measure-
ments of the rigidity and coherence of three-dimensional
Euclidean metric interpretationsof the two-dimensional
motion patterns of Norman and Todd show that the
coherence measure predicts their psychophysicalresults.
TESTINGPREDICTIONSOF THE ALGORITHM
In this section I demonstrate that the algorithm can
predict aspects of human perception of stretching
displays and that the distinction between ratings of
rigidity and ratings of coherence can be found in the
responses of subjects.
Demonstration 1
Demonstration 1 explored whether the variations in
angular velocity and three-dimensionalnonrigidity pre-
dicted by the algorithmcould be found in the perception
of affine stretching displays.
Methods
Subjects. The subjects were six volunteers from the
laboratory staff who were naive to the purpose of the
experiment.
Design. The independent variable was the amount of
predictednonrigidityin a displaystretchingalongthe line
of sight. Two displays were viewed, one with more
predicted nonrigid events than the other. (A nonrigid
event was defined as any change in interpoint distances
occurring over a small number of frames.) Two depen-
dent measures were studied, one was the number of
perceived nonrigid events and the other was the number
of perceived angular velocity minima.
StimuZi. A stimulus consisted of five points rotating
abouta vertical axiswhile undergoingstretchesalong the
line of sight. The amplitude of the stretch for both
displayswas 1.8 (AppendixB) and its frequencywas 10.
The initial horizontal locationsof the pointswere chosen
randomly within a span of 4 cm (corresponding to the
projection of a circle of dia 4 cm placed in the horizontal
plane and centered on the axis of rotation) and were
spaced evenly in the vertical direction every 5 cm. (Note
that it was the choice of initial point positions which
determined the amount of nonrigidity, and several were
randomlygeneratedand evaluatedfor amountof nonrigid
events in selecting a pair of displaysto test.) A complete
cycle of the rotation and 10 stretches was contained in
101 frames which were presented with an SOA of
66 msec. During the experiment the frame sequence
cycled from frame 1 to 101,paused for ca 4 sec and then
started again at frame 1.
Apparatus. The stimuli’were presented on a monitor
with 1280x 1024pixel resolution driven by a SGI
Crimson Reality Engine, with each simulated point
displayed as a single pixel. Subjectsviewed the display,
with one eye, througha tube that limited the field of view
to a circular area of 9.7 deg in diameter at an eye-to-
screen distance of ca 1.5 m.
Procedure. Subjects were instructed to view the
display and to press the mouse button whenever they
saw the event they were instructed to detect. For the first
half of the trials subjectswere instructedto detectminima
of velocity; they were told that the object could appear to
stop or slow down, and whenever this occurred they were
to press the mousebutton.For the secondhalf of the trials
they were instructed to detect the changes of three-
dimensional distances; they were told that the three-
dimensionaldistances between points could change and
whenever this occurred they were to press the mouse
button. Half the subjects first made the judgments on the
displays with more predicted nonrigidity. The actual
experimental session consisted of 14 cycles of the
display, the first four were practice and the last ten were
used for analysis.
Before the judgments of rigidity and velocity minima
were collected each subject performed a calibration
session where they were instructed to detect a simple
color change of a configuration of five rotating points.
The time difference between the color change and the
corresponding mouse press was collected for ten
instances and for each individual subject the average
time delay was subtracted from their rigidity and
velocity-minimaresponses.This was done to reduce the
effect of differences between individual subject’s motor
reaction times when averaging the data.
Results and discussion
The histogram of button-pressesfor the judgments of
angular velocity minima, summed over the six subjects,
is shown in Fig. 5(A and B) for the more rigid and less
rigid displays, respectively. Shown with the histogram
bars denoting the number of button presses is a trace of
the angular velocity predicted from the algorithm. It can
be seen that subjects’responseshad the same periodicity
as that predicted by the algorithm. The minima in
velocity started to be detected a few frames into the
increase in angular velocity; a result consistentwith the
fact that an increasein angularvelocity is requiredbefore
a minimum can be detected. For the less rigid displays
there was a slight tendency for a sharper response when
the followingpeak in angularvelocitywas greater,but no
other differenceswere apparent.
The histogram of button-pressesfor the judgments of
nonrigid events, summed over the six subjects, is shown
in Fig. 5(C and D) for the more rigid and less rigid
displays, respectively. Shown with the histogram bars
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denoting the number of button presses are the traces of
the ten interpointdistancespredicted from the algorithm.
It can be seen that subjects’responseswere concentrated
at the locations where a change in predicted interpoint
distance occurred. In considering this result it is impor-
tant to realize that subjectswere instructed to respond to
any change of the interpointdistances.Thus, a perceived
change in any one of the ten interpoint distances should
have resulted in a button press. Another result apparent
from comparisonof Fig. 5(C) with Fig. 5(D) was that, as
predicted, the number of button-pressesfor the less-rigid
object was greater than for the more rigid object.
Nonrigid events predicted by the Euclidean algorithm
were detected by the subjects. In contrast, the fact that
any nonrigid events were detected for uniform affine
stretchesof the set of points along the line of sight is not
compatiblewith the claims that stretchesin this direction
should be invisible to human SFM (Todd & Bressan,
1990;Norman & Todd, 1993).One possible reason why
nonrigid ~ventswere detected for the present stretching
displays,while none were reportedby Norman and Todd
(1993), could be related to the use of differentamplitudes
of stretch. According to the Euclidean algorithm,
interpretations of affine stretching displays have little
nonrigidity because much of the nonrigidity introduced
by the simulated stretch is taken up by a change in
recovered angular velocity. Thus, one could expect that
stretches of large amplitude are required before the
nonrigidityof Euclidean structurebecomes perceptible.
Demonstration 2
Demonstration 2 investigated the prediction of the
algorithm that rigidity and coherence could be disso-
ciated. The stimuli used were the counter-phaseand in-
phase conditionsof the two-dimensionalmotion patterns
used by Norman and Todd (1993). These were chosen
because the Euclidean algorithm predicts that between
the counter-phase and in-phase conditions there should
be little difference in judgments of rigidity, but a
significantdifference in judgments of coherence.
Methods
Subjects. The subjects were the author and three
volunteers from the laboratory staff who were naive to
the purpose of the experiment.
Design. The independent variable was the phase
relationship among individual points (in-phase and
counter-phase)in the nonrigid displays.In additionthere
was a control variable of rigid decoys for each type of
nonrigid motion.
Stimuli. A stimulus consisted of four points rotating
about a vertical axis and there were four possible types:
1.
2.
3.
4.
In-phase noise;
Counter-phasenoise;
Rigid interpretations of in-phase noise (in-phase
decoy);
Rigid interpretationsof counter-phasenoise (coun-
ter-phase decoy).
A description of how to create the in-phase and
counter-phase displays is presented in Appendix C and
summarizedhere. To obtain the in-phasenoisedisplays,a
common baseline velocity for each point was multiplied
by a sinusoidalnoise signalwith the phase for each noise
signal being identical. This velocity signal was then
integrated to obtain position data. To obtain the counter-
phasenoisedisplaysa commonbaselinevelocity for each
pointwas multipliedby a sinusoidalnoise signalwith two
points being at one set phase and the othe~two points
,being 180 deg away from this set phase. This velocity
signal was then integrated to obtain position data. The
rigid decoys were constructed by applying the metric
recovery algorithm to in-phase and counter-phase dis-
plays, respectively. The algorithm provided an average
angularvelocity signal which was applied to initial point
positionsto obtain a rigid rotation.Thus, the rigid decoys
had similarposition and average angularvelocity as their
nonrigid counterparts.
The initial locations of the points were chosen
randomly within a cylinder of dia 5.2 cm and height
4.3 cm. A completecycle of the rotationwith 10 stretches
was contained in 101 frames which were presented with
an SOA of 50 msec. During the experiment the frame
sequence oscillatedback and forth.
Apparatus. The apparatuswas identical to that used in
Demonstration1.
Procedure. The experiment consisted of two sessions,
with all thejudgmentswithin a singlesessionbeing either
rigidityor coherence.Each sessionconsistedof 100 trials
of a random ordering of 25 in-phase, 25 counter-phase,
25 in-phase-decoy,and 25 counter-phase-decoydisplays.
Two of the subjectsperformed the rigidity judgments in
the first session while the other two subjects performed
the coherencejudgments first. Coherencewas rated on a
scale of O-4 with:
l 4-all four points moving together;
l 3—threepoints together and one point individually;
l 2—two groups of two points;
l l-one group of two points and two individually;
l O-all four points moving individually.
Rigidity was rated as the ratio of average change in
interpointdistance to the average interpointdistance. At
the beginning of each session subjects performed 12–30
practice trials until they were confidentof their use of the
rating scale.
Results and discussion
The resultsof the coherenceand rigidityjudgmentsare
shownin Fig. 6(A and B). An ANOVA was conductedon
both the coherence and rigidity judgments using the
factors of phase, rigidity and their interaction. For the
rigidity judgments there were no significanteffects, but
for the coherence judgments there was a significant
interaction between phase and rigidity F(1,3) = 24.8,
P <0.05. The results for the in-phase displays are con-
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FIGURE 6. The results of Demonstration 2. Subjects viewed 100
displaysand madejudgments of coherence and nonrigidity.These 100
displays contained a random ordering of 25 rigid-decoy, in-phase
displays,25 nonrigid,in-phasedisplays,25 rigid-decoy,counter-phase
displays and 25 nonrigid, counter-phase displays. (A) Shows the
average results of judgments of coherence and (B) shows the average
results of judgments of nonrigidity.Error bars indicate standard error.
sistentwith the findingsof Norman and Todd (1993) that
the perception of the in-phase displays is quite similar to
an actual rigid object. However, the results for the
counter-phase displays show a dissociation, that com-
pared to a rigid object, the counter-phase displays are
reportedwith statisticallysignificantdifferentamountsof
coherence* but not rigidity. This apparent dissociation
for the counter-phase displays as compared to the in-
phase displays is what was predicted by the algorithm.
GENERAL DISCUSSION
Results showed that performance at discriminating
rigid from nonrigidmotion improvedwith the number of
views, as well as the amount of three-dimensional
nonrigidity used to generate the nonrigid displays. In
addition, an algorithm was developed to recover
Euclidean metric interpretationsof points rotating about
a direction perpendicular to the line of sight. This
algorithmwas applied to affinestretchesalong the line of
*Since the nonrigid counterphasedisplays consisted of two groups of
two points, each groupwith a different phase, one might speculate
that the decrease in coherencefor the nonrigiddisplayswouldhave
arisen from a preponderanceof “2” responses.However,examina-
tion of histogramsof the judgments indicated that this was not the
case. The nonrigid, counter-phase displays had lower average
correlation ratings due to a much larger number of “O”responses.
sightand was found to obtainnearly-rigidinterpretations.
The plausibility of these interpretationswas studied by
performingsimulationsand measuringthe coherenceand
nonrigidity of the algorithm’s interpretations. These
simulations showed that the qualitative description of
affinestretchingdisplays,that of a rigid object rotating at
nonconstant angular velocity, was predicted by the
algorithm. The simulations also showed that measure-
ments of coherenceproduced by the algorithmpredicted
results of Norman and Todd (1993) for arbitrary two-
dimensional motion patterns. The predictions of the
algorithmwere tested experimentallyand results showed
that the algorithm correctly predicted both the variable
angular velocity and the nonrigid events reported by
subjects while viewing affine stretching displays. In
addition it was demonstrated that the measures of
coherence and rigidity were separable, as predicted by
the algorithm.
Discriminating rigidity clearly increased from two to
twelve views. This result is at odds with reports by Todd
and Bressan (1990) who found no increase from two to
eightviews. Performanceat rigiditydiscriminationbegan
at a relatively high level and improved gradually as
numberof views increased.This result is compatiblewith
a model that uses two views as the basic primitive and
integrates 1st or Oth order information across views.
However, the possibility does exist that some limited
second-orderinformationis incorporatedin developinga
three-dimensional interpretation (Norman & Todd,
1993). The fact that increasing the simulated three-
dimensional nonrigidity made the discrimination task
easier, suggests that the metric of three-dimensional
nonrigidity is psychologicallyrelevant.
For the uniform stretches along the line of sight, the
most striking property of the Euclidean metric inter-
pretations was the trading-off of shape and motion to
obtain the nearly rigid interpretation.The image motion
produced by the stretch could have been interpreted
accurately as a stretch if, for example, acceleration had
been taken into account (Norman & Todd, 1993).
However, this was not the case and the image motion
arising from the stretch was interpreted as originating
from a changing angular velocity, Similar trade-offs
between shapeand angularvelocityhavebeen reported in
the recovery of shape from profiles (Pollick, 1994) and
for the depth and velocity of a single point (von Hofsten,
1974), as well as for shape and extent of rotation with
profiles (Cortese & Andersen, 1991)and dihedral angles
(Liter & Braunstein, 1994). Although the algorithm’s
behavior in finding a rigid structure is reminiscent of
schemes which would maximize rigidity (Grzywacz &
Hildreth, 1987; Unman, 1984) the way in which it did so
is quite different. The algorithm treated each point as
rotating rigidly in a common, local frame of reference
defined by the motion, and thus the results are more
similar to theories which emphasize the role of errors in
estimating both the structure and the motion (Ando,
1991; Oliensis & Thomas, 1991; Tomasi & Kanacie,
1991).
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The algorithm for recovering Euclidean metric struc-
ture distinguishedbetween the coherenceand the rigidity
of a three-dimensionalinterpretation,and supportfor the
psychologicalrelevance of this distinctionwas provided
by Demonstration 2. In addition, the use of coherence
provides a concise explanation of the results of Norman
and Todd (1993) for the five different motion patterns,
with the results clearly predicted by the coherence
measure.
The distinctionbetween coherenceand rigidityand the
independenttreatmentof coherenceas segregationwithin
a common motion or coordinateframe, and rigidityas the
structure within this frame is not a new idea. For
example, the vector model of Borjessonand von Hofsten
(1972, 1973,1975)is based on the notionthat the motions
of individual points are perceptually important only in
relation to the motion of other points, and stresses the
role of common and relative motion. Similarly, the
spatial-index model (Pylyshyn, 1989), extended by
Eagleson and colleaguesto the case of motion (Eagleson
et al., 1993) uses multiple spatial indexes to establish
local coordinate frames and two-dimensional general
linear transformationsmeasured locally relative to these
indexes. These models assert that motion should be
decomposed into common and relative components,
which roughly corresponds to the notions of coherence
and rigidity used by the algorithm. In addition, Sato
(1989)has shownwith viewing of random-dotcinemato-
grams that accuracy of judgments of common motion
(coherence) are independent of judgments of shape
(rigidity). In particular, coherence has been described
by Borjessonand Ahlstrom (1993) in terms of perceptual
groupingand they showedthat differentmotion types led
to differentdegreesof strengthin the perceptualgrouping
of a critical third point in the presence of two two-point
groups.
A primary purpose of this research was to explore
whether human recovery of structure from motion was
better modeledby Euclideanor affinegeometry.Thiswas
pursued by testing claims of Todd and colleagueswhich
supported affine structure from motion. These tests
involved claims that performance at structure from
motion does not improve with views, and that uniform
affinestretchesalong the line of sightof a group of points
were invisible to the human perceptual system. The
results of Experiment 1 showed that rigidity discrimina-
tion improved with more views and simulated three-
dimensionalnonrigidity.The effect of views supportsthe
stand that informationis integratedacrossmultipleviews
and the effect of three-dimensional nonrigidity is
consistentwith a Euclidean model of SFM. However, it
is not possibleto rule out affinemechanismswhich might
produce similar results. Thus, more problematic for the
affine model are the results of investigations of the
invisibility of the stretches along the line of sight. The
algorithmbased on Euclidean geometry found plausible,
nearly-rigid interpretationsto these displays.This result
showed that rather than being invisiblethe stretcheswere
interpreted as the changes in angular velocity of the
nearly rigid structure. Moreover, Demonstration 1
showed that the Euclidean algorithmwas able to predict
human perception of nonrigid events in affine stretches
along the line of sight-events which do not exist
according to affine structure. Taken together, these
results suggests that the affine model proposed by Todd
and Bressan (1990) is insufficient to describe human
perception of SFM.
The current results argue against affine SFM and
support aspects of Euclidean SFM as a guide to model
human perception. However, the fact that Euclidean
theoriesof structurerecovery are more sensitiveto noise
(Eagle & Blake, 1995;Hogervorstet al., 1996)as well as
classic examples of non-Euclidean aspects of visual
space (Indow, 1991; Luneburg, 1950; for a review of
space perception see Sedgwick, 1986) raises issue with
the conclusionthat a Euclidean model can be a complete
descriptionof perceived shape,
Although there seems little evidence to support affine
SFM as a general theory of human perception of SFM,
that does not exclude the possibilitythat affine computa-
tions are not involved in the recovery of SFM. Even
though strictly speaking it is impossible to build
Euclidean interpretationsupon affinemeasurements,that
does not preclude the developmentof algorithmswhich
exploit affine properties in the acquisition of Euclidean
interpretations. One example is provided by Eagleson
(1992), who considered localIy-texturedregions. In this
model, the two-dimensional affine motion parameters
were integrated recursively over incremental frames and
constrained the three-dimensional motion to a one-
parameter family. The local spatial variations of this
two-dimensionalaffineframe could then be related to the
local curvatureof a smooth, continuoussurface. Another
example where two-view affine measurements were
combinedto form a Euclidean interpretationis presented
by Weinshall (1993). A final example is the algorithm
based on affineepipolargeometry introducedby Shapiro
et al. (1995)which firstuses an affinecamera (Mundy &
Zisserman, 1992) to establish the epipolar geometry and
then determines the Euclidean motion parameters
directly from the epipolar geometry. In essence, this
algorithm uses affine techniques to perform motion
computationson the entire set of feature points and then
bases computations of structure on these motion
computations. Results from Giblin and colleagues
(Giblinet al., 1994a,b)suggestthat the epipolargeometry
is obtainable even when distinct feature points do not
exist, as in the case of profiles.
In conclusion, the Euclidean approach to SFM seems
capable of predictingaspectsof human perceptionwhich
are not predictedfrom affineSFM. This is despitethe fact
that affineSFM providesa conciseand robustdescription
of the structural information available from two ortho-
graphic views. One possible way to reconcile these
differencesbetween the efficiencyof affinecomputations
and the consistency of subjects’ reports with Euclidean
SFM interpretations is to consider that estimates of
Euclidean metric structure are based on aftine computa-
MOTIONAND STRUCTURE 463
tions, as has been proposed in several computational
theories(Eagleson, 1992;Weinshall, 1993;Shapiroet al.,
1995).
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APPENDIXA
Significance test on d’
Using the normal, constantvariance model this appendixoutlines a
techniquefor testing the hypothesisthat two d’s are different from one
another.The result is taken from an unpublishedmanuscriptby Iverson
(1986) which considers both the normal as well as the logistic
model. Iverson (1986) ~ompares different estimates of d’ and uses
the nomenclature~’and d’ for estimates which correspondinglydo not
and do accountfor bias due to sample size. Here, I present the estimate
of d’ which accounts for bias and I preserve the original notation of
Iverson (1986) for the reader who might wish to compare with the
original work.
Given a pair of independent estimates ~~, ~~, a te$t sta~istic for
detecting non-zerovalues of the difference d’1–d’2 is ~1– d~. Under
the normal model this test statistic is approximatelynormalwith mean
d’1–d’2 and variance
v(&(& = V((lj) + V(c$;), (Al)
with the variance estimated by
}+(1 –p+) P-(1 –j-) (A2)@)= n+~z(~-l(p+)) + n-@2(@-l @-)) ‘
wherep+ andp– are the observedrelative frequencies of hits and false
alarms and n+ and n– are the number of trials. The symbols ~ and @
denote, respectively, the distribution function and density of a unit
normal; q$(x)= &e-p/2.
The test statistic Mgiven by
‘=*
which is approximatelyunit normal under the null hypothesis that the
two d’s are identical.
APPENDIX B
Stretches along the line of sight
The techniqueused for creating the affine stretches along the line of
sight was identical to that used by Norman and Todd (1993). The
—
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FIGURE Cl. Shownare examples of the position and velocity of the five types of motion patterns.
techniqueinvolvesrotating a set of pointswhile periodicallystretching value was multiplied by the function S(i) to obtain the stretched
their positions along the line of sight. The process involves first value.
aPPIYinga rotationto the points, then stretchingalongthe line ofsight, It is useful to notice that the functionS(i) is constructedso that, for
then applyinga rotation to the stretched points, and so on. The rotation the values used in this experiment,it roughlybrings a point back to its
is constant and the stretch is periodic so that over an entire rotationthe originalposition.The discrepancyin start and end positionarises from
points have approximatelythe same radius. The periodicfunctionused unequal amountsof expansionand compressionin S(i).
to stretch along the line of sight was:
s(i) = 12.”,2Asi.( /N) APPENDIX C
where A is the amplitude of the stretch, v is the frequency of the Two-dimensional motion patterns
periodic stretch, i is the frame number and N is the total number of The technique used for creating the two-dimensional motion
transitions in the motion sequence. In this study the frequency, v, was patterns was identical to that used by Norman and Todd (1993). The
10 and N was 100. After each rotation of 3.6 deg, the rotated depth essence of the techniqueis to firstcreate a set of points simulatingrigid
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rotation about an axis perpendicularto the viewingdirection, and then
to independentlyadd noise to the individurdpoints.Thebaseline (rigid)
position of any individualpoint is given by:
x =Asin(wt + @),
and its baseline velocity by:
cLx/dt= Awcos(wt + cj).
For each point, a noise signal was created with aperiodic oscillation
which remained positive and varied about the value 1.0 with 10 noise
cycles per one cycle of the rigid rotation.Different types of noisewere
obtained by either changing the relative phase of the noise signals
betweenpointsor the amplitudeof the noise (betweennoisecycles) for
individualpoints. Each point’s noise signal was then multipliedthe by
the point’s baseline velocity or the baseline position to obtain the
resulting signal.
The five types of motionwere:
In-phase (baseline velocity multiplied by in-phase noise);
Counter-phase (baseline velocity multiplied by counter-phase
noise);
Random-amplitude(baseline velocity multiplied by in-phase noise
with changing amplitude for each noise cycle);
Counter amplitude modulation (CAM) in-phase (baseline position
multiplied by in-phase noise); and
CAM-counter-phase(baseline positionmultiplied by counter-phase
noise).
Examples of the waveforms of position and velocity are shown in
Fig. Cl for the five different two-dimensionalmotion patterns.
